
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



[ 3 ] 



On the PRECESSION of the EQUINOXES. By the Rev. 
MATTHEW YOUNG, D.D. S. F. T. C. D. fcf M. R. I. A. 



■*■» 



X T is univerfally acknowledged, that Sir Ifaac Newton has Read April i, 
fallen into fome error in his calculation of the fun's force to 
produce the preceffion of the equinoxes, making it by one 
half kfs than the truth : but the particular fource of this error 
has not been fo generally agreed upon. 

Though feveral excellent mathematicians, of whom D'Alam- 
bert feems to have been the firft, have given genuine fo- 
lutions of this problem, by proceffes entirety different from 
each other, perhaps it ftill may be wo th while to endeavour 
to difcover diftinclly in what confifts the fallacy of New on's 
reasoning, and whether in fome of the folutions of this curious 
queftion, which are received as genuine there do not lie fome 
fecret and unobferved errors, which bei: g equal and contrary, 
compenfate each other, and thus leave the refult correcl:, though 
the premifes from which it is deduced are faulty. 

A 2 The 
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The firft Lemma which Newton premises to the inveftigation 
of the preceffion is as follows : 

Fig. i. " If A P E P reprefent the earth, of uniform denfity, de- 

" fcribed with the centre C, poles P, p, and equator A E ; and 
" if with the centre C and radius P C, the fphere P ape he fup- 
" pofed to be defcribedj and Q,R be a plane perpendicular to 
** the right line joining the centres of the fun and earth ; and 
" every particle of all the exterior earth P a p A P <?, which is 
" higher than the inferibed fphcrc, endeavour to recede on 
" cither ride from the plane ( 1.R, and the effort of each particle 
*' be proportional to its diftancc from the plane ; I fay, firft, 
•* that the whole force and efficacy of all the particles in the 
" circle of the equator A E, difpofed uniformly without the 
" fphere, throughout the whole circumference, in the form of a 
" ring, to turn the earth round its centre, is to the whole force 
" and efficacy of as many particles placed at the point A of 
" the equator which is moft remote from the plane Q,R, to 
" move the earth round its centre with a like circular motion, 
'• as one to two. And that circular motion will be performed 
" round an axis lying in the common interfedion of the equator 
" and the plane Q,R.'* 

The demonftration of this Lemma is given in the Principia, 
and allowed t© be legitimate. 

His 
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His fecond Lemma is as follows : 

" The fame things being fuppofed, I fay, fecondly, that the 
" whole force and efficacy of all the particles without the fphere 
" to turn the earth round its axis, is to the whole force of as 
♦' many particles difpofed uniformly in the form of a ring, in 
" the circumference of the circle A E of the equator, to move 
" the earth, with a like circular motion, as two to five." 

The demonftration of this Lemma is alfo given in the 
Principles, and is likewife received as unexceptionable. 

Lemma 3. 

" The fame things being fuppofed, I fay, thirdly, that the 
" motion of the earth round the axis already defcribed, com- 
" pounded of the motion of all its particles, will be to the 
" motion of the aforefaid ring round the fame axis in a ratio, 
" which is compounded of the ratio of the quantity of matter 
" in the earth to the quantity of matter in the ring, and of the 
" ratio of three fquares of the arch of a quadrant of a circle 
" to two fquares of the diameter ; that is, in a ratio of matter 
* 4 to matter, and of the number 925275 to the number 
*' 1 000000." 

This Lemma I mall firft demonftrate in Newton's fenfe, and 
then correct the conclufion on the principles propofed by Simpfon 
and Frifi. 

By 
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By the revolution of the circle EAHC, and circumfcribcd 
fquare (fig. 2.) P Q S T round the common axis E H, let 
there be described a fpherc and circumfcribed cylinder. Let 
the radius A O be — i, the periphery of the circle AECH 
= p } the ordinate B R = y, abfcifla BO=x Then i : p : : x : p x, 
the periphery of the circle whofe radius is OB; therefore 
px x 2jk will be the furface generated by the ordinate R G, 
in the revolution of the circle A E C H round the dia- 
meter E H : but x will be the meafure of the velocity of the point 
B, therefore i p x 2 y will be the momentum of all the particles 

in that furface; and the ilucnt of the quantity 2 p x 2 y x will 
be the momentum of the entire fpherc, when x is equal to 

the radius A O. But y = 1 — x-)* ; therefore the fluxion 
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therefore the whole fluent, when x = r, is \ x quadrantal arc 

E A = i r p\ and 2 p x 2 x x 1 — x 2 £ — T '_ p 2 , the motion of 
the entire fphere. 

In a cylinder, the ordinate y becomes = BR = i; therefore the 
fluxion of the momentum of the cylinder — ip x 2 x> whofe fluent, 
when x— 1, is -}p. Therefore the motion of a cylinder is to the 

motion 
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motion of an infcribed fphere, revolving round the fame fixed axis, 
and with the fame angular velocity, as f p to T V / s » or as 1 6 to -f p t 
that is, as four equal fquares to three circles infcribed in them. 

Let the quantity of matter in an indefinitely flender ring, fur- 
rounding the fphere and cylinder at their common contact A O C, 
be reprefented by the letter m % its velocity will be as A O = i j and 
its motion = m, and therefore the motion of the cylinder is to the 
motion of the ring as \p to m t or as ip to 3 m. 

The motion of the annulus, uniformly continued round the axis 
of the cylinder, is to its motion revolving uniformly in the fame pe- 
riodic time round one of its diameters, as the circumference of a 
circle to twice the diameter. 

For (ng. 2) let A R = z, and let its fluxion a be given, R B 
—jy r A B = .*•, and A O == r ; let the motion be performed round the 
diameter A C, the velocity of the point R will be as R B or y •, there- 
fore the fluxion of themotion of the annulus round the diameter AC, 
is to the fluxion of the motion round the center O in an immoveable 
plane, as z y to z r, that is, from the nature of a circle, as x to z ; 
and therefore the motions themfelves are to each other in the fame 
ratio, that is, when x=AC, as the diameter to half the cir- 
cumference, or as twice the diameter to the circumference of a 
circle. 

Hence, by compounding all thefe ratios, the truth of the 
Lemma is manifeft. 

But 
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But Simpfbn in his mifcellaneous tra&s has juftly obferved, 
that though this reafoning be indifputably true in Newton's 
fenfe, yet there is a difference between the quantity of motion 
fo confidered, and the momentum, whereby a body, revolving 
round an axis, endeavours to perfevere in its prefent ftate of 
motion, in oppofition to any new force imprefied, which latter 
kind of momentum it is that ought to be regarded in comput- 
ing the alteration of the body's motion in confequence of 
fuch force. In this cafe, every particle is to be confidered as 
adiing by a lever terminating in the axis of motion ; fo that 
to have the whole momentum, the moving force of fuch par- 
ticle mud be multiplied into the length of the lever by 
which it is fuppofed to acT: ; whence the momentum of each 
particle will be proportional to the fquare of the diftance from 
the axis of motion, as it is known to be in finding the center 
of percufllon, which depends on the very fame principles. 

The correction arifing from this change in the proceft 
amounts only to about i£", as will eafily appear in the fol- 
lowing manner : 

The fluxion of the moment of a fphere, from what has 
been faid already, is ip x 3 y x; from the nature of the circle, 
x 1 = i — y 1 , as before j therefore xx = — yy t x 3 x = y 3 y — 

yy , and 2 p x 3 y x = 2 / x y* y —-y i y, whofe fluent is tt /, 
when.? = 1. 

In 
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In a cylinder, y = i, therefore the fluxion of the moment 
= 2 p x 1 x; whofe fluent is -j/, when x = r. 

The moment of a ring revolving round its center ia 
double the momentum of the fame ring revolving round 
one of its diameters. For let z be the fluxion of the arch, y the 
ordinate, and x the abfcifla, radius being unity; zy 2 is the 
fluxion of the moment of the ring revolving round one of its 

diameters ; but, from the nature of the circle, z =— , therefore 
z y* = xy, which is the fluxion of the area A B R ; therefore 
when x = i, that is, when the arch is equal to % p, the meafure 
of the moment will be the area of a quadrant ; and the mea- 
fure of the moment of the entire ring will be equal to the area 
of the circle, or %p. 

If the ring revolve round its center, in an immoveable plane, 
its moment will be equal to the ring multiplied into the fquare 
of its radius, that is, equal to p. Therefore the moment in the 
former cafe is to that in the latter, as \ p to /, or as one to two. 

Hence, from what has been demonftrated, the momentum 
of a fphere is to the momentum of a cylinder, revolving round 
their axes with the fame angular velocity, as 7 4 7 to £ ; the mo- 
mentum of a cylinder is to the momentum of a ring revolving 
round its centre, in like manner, as |/tom; and the momentum 

Vol. VII. B of 
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of a ring revolving round its centre, is to the momentum of the 
fame ring revolving round one of its diameters, as two to one ; 
therefore compounding thefe ratios, and ex aquo the momentum 
of a fphere revolving round its axis, is to the momentum of a 
ring revolving round one of its diameters, as Sp to 15 m, or as 
800000 X quantity of matter in the fphere, to 1 000000 X the 
quantity of matter in the ring. 

If therefore 9" 7" 2o iT , viz. the quantity of the preceffion, 
•which according to Newton's calculation arifes from the a&ion 
of the fun alone, be encreafed in the ratio of 925725 to 800000, 
it will become 10'' 33". 

But it is well known, that the true quantity of the preceffion, 
arifing from the adion of the folar force, is nearly double this 
quantity. Since therefore the correction of this 3d Lemma will 
not account for the great difference between the refult of Newton's 
calculation and the truth, we muft look for the caufe of the 
difference elfewhere. Simpfon is of opinion, that it arifes from 
this, that the momentum of a very flender ring revolving about 
one of its diameters, is only the half of what it would be if the 
revolution were to be performed in a plane, about the centre 
of the ring ; and therefore, that all conclufions, which do not take 
this into the account, muft be two little by juft one half. But it is 
evident, that this cannot be the true caufe of the difference, becaufe 
Newton did actually confidcr, that the motion of a ring round one 

of 
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of its diameters was lefs than when it revolved round its centre, 
though he has differed fiom Simpfon in the ratio which he has af- 
figned of their motions in thefe two cafes ; and when the ratio of" 
their motions is admitted to be as one to two, and the other cor- 
rections propofed by Simpfon are alfo made, the total error on 
thefe accounts is found to be but 1,5", as has been already 
fhewn. 

Mr.Milner, in his paper on this fubject in the 69th vol. of 
the Philofophical Tranfactions, agrees with Frifi in thinking, 
that the error lies in Newton's afTumption, that the recefhon of 
the nodes of a rigid annulus and a folitary moon, revolving in 
the perimeter of the annulus, are equal ; whereas in truth, as 
they afTert, (though erroneoufly, as we fliall prefently lhew), the 
receflion of the latter is but one half of that of the former. 

Let us therefore examine particularly whether the receflion 
of the nodes of a rigid annulus be indeed double the receflion of 
the nodes of a folitary moon, as has been afTerted. 

Let AE (Fig. 1.) reprefent the rigid annulus, indefinitely 
flender, projected into its own diameter, ¥f> its axis ; let the line of 
the nodes be at right angles to S C, the line joining the centres 
of the fun and earth. From C take the arch C L, and draw 
L M parallel to DB; let g — the gravity of any given quantity 
of matter, as a cubic inch ; h = the fpace defcribed in i" by a 

B 2 body 



[ « ] 

body falling freely by the force of gravity ; f — the periphery 
of a circle whofe diameter is unity ; alfo let A C = I ; S. angle 
D C A = s ; Cos. D C A = c ; arch CI. = s ; fine of C L = y. 
Then L M = cy, and CM = sy. 

The diflurbing force of the fun is equal tof x L M (Cor. 17. 
Prop. 66. Lib. 1. Princip.) and the force of a particle of matter 
at L to move the annulus about the centre, in the direction 
P Q^A D, is CM x/x L M, acting by the power of the lever 
C M ; that is, the force of this quantity of matter at L is = c sfy*; 
therefore the ilui.ion of the force of the matter in a quadrant of 

the annulus is c sfy * z = c sf X ., * y . 

' ; but the fluent of 
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f y 
•ji—y- 



is iz — \y x i — y l \ and therefore the whole fluent is 



% c sfz — h cs fy x i — y i> and when j = 1, the force of the 

C S f f) 

matter in a quadrant of the annulus is = -» and the force 

p c sf 
of the whole annulus is pcsf= to the fimple force -~^=~ acting 

at the diftance fT from the centre, that is, at the diftance of the 
centre of gyration from the centre of the annulus. This is the 
force of the fun, to difturb the annulus, when at the greateft 
diftance from the nodes ; call this fimple force Fes. 
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The quantity of matter in the annulus is ip, and the diftance 
of the centre of gyration from the centre of the earth is s/ ~f; and 
by the property of that centre, if the whole matter of the an- 
nulus were collected into that point, any force applied to move 
it about the centre C, would generate the fame angular velocity, 
in the fame time, as it would do in the ring itfelf. And fince 
this force Fc j acts at the fame diftance \/~f from the centre of 
the annulus, it is the fame thing as if it were directly applied 
to the body to move it. Now to find the motion generated, 
fince the fpace defcribed in a given time, is as the force directly, 

i) c s f h tc s 
and the matter moved inverfely, therefore g : b: : ~-~?- ; -=- 

— the fpace defcribed by, the centre of gyration in i". And 
ip JT (the circumference of the circle whofe radius is the diftance 
of the centre of gyration from the centre of the annulus) : 360 : : 

-4=- : 360 X — — - the angle through which the ring is drawn 

2Sig 2 PS 

in 1" by the action of the fun, when at the greateft diftance 

from the nqdes. 

But the force of the fun when at any other diftance from 
the nodes, as at H, will be lefs ; and the mean quantity of the 
force may thus be inveftigated. Draw the great circle /HGP, 
and making radius = 1, let the arch C H = 2, fine of C H = y; 
then in the fphasrical triangle CKG, Rad. (1): S. CH (y):: S. 
angle DC A (s): S. HG = sy. But it has been already proved, 

that 
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that the force of the fun is equal to F x by the product of the 
fine and cofine of his height above the plane of the annulus, 
therefore the force of the fun at H is equal to F sy X i — s % y %] *» 
But this force acts entirely in the plane P G H/», therefore we 
mull refolve it into two forces, one acting in the plane PQ\A, 
which is that we are looking for, the other in the plane PC/, 
perpendicular to the former; this latter force is deftroyed by 
an equal and contrary force, when the fun is equidiftant on 
the other fide of the line of the nodes; but the other force 
always acting in the fame direction, is that only by which the 
ring is annually affected. The Cos. G H : Cos. angle D C A : : 
Rad. : Sin. angle H (Cas. 1 1. Sph. Trig.) and Rad : Sin. angle H : : 
Sin. CH : Sin. CG (Cas. 2.) v Cos. (?H (1— s*y*%) : Cos. DC A 

(c) : : Sin. CYL (y): Sin. C G =x ~T~? $. Then, to find the part 
of the force acting in the plane PQ,A, Rad. (1.) : F sy »/i — s' y % 
(the whole force) : : S. GC (— = --= ) : F csy x , the force in the 

direction P O, And hence to find the mean annual force, we 

muft find the fum of all the F csy' in the circle, or the fluent 

F c s v i y 
of F csy 1 % — - =—"■ - ; whofe fluent, found as before, is 

v'i — y' ' 

i F c sz — 2 F csy 1/1 — y % ; and when y = f, the fluent becomes 
% "F csp, and in the whole circle = F csp; this divided by the 
whole circumference 2^, the mean force comes out %T?cs, 

that 
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that is, half the greateft force, when the fun is at the greateft 
diftance from the nodes. 

Now to compute the force of the fun to produce the anti- 
cipation of the nodes of a fingle moon at A, the nodes of the 
orbit being in quadrature j the force of the fun = fcs; the 

quantity of matter in the moon is" = r. Then g : b : : fc s : - ■■ - - 

the fpace defcribed in I" ; and ip (the circumference of a 
circle whofe radius is unity, or the diftance of the moon from 

the earths : -?6o° : : — — : ^60 x = the angle defcribed in 

1" by the plane of the orbit of a fblitary moon in fyzige. 

And by a procefs exactly fimilar to that ufed before in the 
cafe of a rigid annulus, it may be {hewn, that the mean force 
of the fun to difturb the moon, conftantly in fyzige, is but 
half its force when at the greateft diftance from the nodes. 

It follows therefore, from what has been demonftrated, that 
the greateft force of the fun to move the annulus in the di- 
rection PQ,A is equal to its greateft force to move the plane 
of the moon's orbit, the moon being conftantly in fyzige, and 
that the mean force in both cafes is half the greateft force; 
confequently the mean force of the fun to move the plane of 
the annulus in the direction P Q A is equal to its mean force 
to move the plane of a fblitary moon in fyzige, in the fame 

direction 
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direction. But by Cor. 2. Prop. 30. Lib. 3. Principia, in. any- 
given pofition of the nodes, the mean horary motion of the 
nodes of a folitary revolving moon, is jufl half the horary 
motion of the nodes of a moon continually in fyzige. And 
Mr. Landen, in his memoirs, has fhewn, that when a rigid 
annulus revolves with two motions, one in its own plane, and 
the other about one of its diameters, half the whole motive 
force acting upon the ring is confumed in counterailing the 
centrifugal force of the ring, by which it endeavours to revolve 
round a momentary axis, in confequence of its two motions ; 
and the other half only is efficacious in producing the angular 
motion of the ring about its diameter ; fo that the motion of 
the nodes of a detached ri-id annulus, being produced by half 
the mean folar force, is exactly equal to that of the orbit of 
a folitary moon. For in the cafe of a folitary moon no cen- 
trifu al force to produce a revolution round a momentary axis 
can take place, there being nothing for the body to act upon ; 
but in a rigid ring, its two motions compounded will give the 
ring a tendency to revolve about an axis neither perpendicular 
to nor in the plane of the ring, and therefore this axis cannot 
be permanent ; fince each particle of the ring will act by its 
centrifugal force to imprefs on it a new motion about an axis 
perpendicular to the former. But if the rigid annulus, fo 
revolving, be attached to the equator of a fphere, the cafe will 
be widely different ; for the whole motive force is here em- 
ployed in giving motion to the annulus and fphere together 

about 
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about a diameter of the equator j therefore the part of it which 
is employed in giving motion to the ring, bears a very fmali 
proportion to the whole force, and it is this frnall part only 
which is counteracted and rendered inefficient ; for the fphere 
itfelf has no centrifugal force, whereby it endeavours to re- 
volve round a momentary axis. Hence the motive force being 
given, viz. the force on the ring, the angular motion generated 
will be inverfely as the inertia of the matter moved ; now the 
inertia of the annulus is = the matter of the annulus x VI" 
(the diftance of its centre of gyration from the centre of the 
ring) ; and the inertia of the fphere and ring together is = the 
matter in them x vT > therefore the angular velocity of the ring 
muft be diminifhed in the ratio of the inertia of the ring to 
the inertia of the ring and fphere together, in order to have 
the angular velocity which now will be produced in the ring, 
in confequence of its connection with the fphere, by the coun- 
teracting force. That is, if a be the angular velocity of the 
ring and fphere united, the angular velocity which that part 
of the force which is counteracted could produce in the ring 

.,. , inertia of the ring i _, . 

will be = a X • -■ . ^ r = a x • The 250 th part 

inertia of the fphere 250 

therefore of the whole force only is now efficient in moving the 

ring round its diameter ; but this part is = the centrifugal force, 

and therefore it is this part only of the whole folar force which 

is counteracted. 

Vol. VII. C Hence 
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Hence therefore it appears, that Newton rightly fuppofes 
the preceffion of the nodes of a rigid, detached annulus, and of 
a folitary moon to be equal ; though the principles on which 
he argues are infufficient, becaufe he did not, as was neceflary, 
confide r the operation of the counteracting centrifugal force. 
And when he comes to apply this deduction, his conclufion 
is erroneous, becaufe, omitting the confideration of the centri- 
fugal force as before, he conceived, that the motion of a folitary 
annulus and of a ring attached to a fphere were produced 
by the fame efficient force ; whereas in this latter cafe, the cen- 
trifugal force of the annulus vanifhes, and therefore the whole 
force of the fun becomes efficient; that is, the efficient force 
in t;:e cafe of a ring adhering to the equator of a globe, is 
double the efficient force in the cafe of a folitary ring ; and 
therefore the quantity of the preceffion, eftimated on this falfe 
hypothefis, comes out too little by juft one half. 

Bishop Horsely, in his commentary on this problem, ob- 
ferves, that if this afTertion, to wit, that the motion of the 
nodes of a rigid annulus and of a folitary moon are the fame, 
be true, he cannot fee how the quantity of the preceifion of the 
equinoxes can be different from that which is affigned by 
Newton; but he refrains from any abfolute decifion: "Si hoc 
« vere dictum fit (fays he) f c . quod par eft ratio nodorum 
«' annuli lunarum terram ambientis, five lunas illae fe mutuo 
*' contingant, five liquefcant, & in annul um continuum for- 

" mentur, 
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" mentur, five denique annulus ille rigelcat, & inflexibilis 
" reddatur, nefcio qui fieri poffit, ut alius fit punctorum equi- 
" noctialium motus a vi folis Oriundus, quam calculi Nc-wconiani 
" fuadent. Quern tamen longe alium invenere viri permagni 
" Eulerus & Simpfonus noftras, quos velim lector confulas. 
<; Ipfe nil definio." Now from what has been faid it clearly 
appears, how the motion of the nodes of a folitary moon 
and rigid annulus may be equal, and yet the quantity of 
the preceffion affigned by Newton erroneous in the ratio of 
one to two ; the efficient motive force of an attached annulus 
being double the efficient motive force of a ring revolving 
folitarily, with a compound motion round its centre and one 
of its diameters. 

If then the corrected quantity of 10" 33", be further cor- 
rected, by augmenting it in the ratio of two to one, the refult 
will nearly agree with the quantity invefligated by other emi- 
nent mathematicians; thus Simpfon makes it 21" 7", Landen 
27" 7'", D'Alambert 23" nearly; Euler 22"; Frifi 2ii"; Milner 
21" 6'", and Mr.Vince, 21" 6" ; fee Phil. Tranf. vol. 77. 

From this review of the folutions of this problem, it appears 
that Mr. Landen has the honour of having firft detected the 
particular fource of Newton's miftake, by difcovering that when 
a rigid annulus revolves with two motions, one in its own plane 
and the other round one of its diameters, half the motive force 

C 2 acting 
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acting upon die ring is counteracted by the centrifugal force 
arifing from this compound motion, and half only is efficacious 
in accelerating the plane of the annulus round its diameter. As 
Mr. Landen has not exprefsly demonftrated this propofition, I 
am perfuaded I fhall afford the mathematical reader much gra- 
tification, by here laying before him the following very elegant 
demonftration, communicated to me by the learned Mr. Brinkley, 
Frofeflbr of Aflronomy in the Univerfity of Dublin. 

Prop. If a rigid ring n q NQ, revolves with two motions 
(fig. 3.), one in its own plane, and the other about the diameter 
qT Q; and if a motive force, acting at the point Q,, be fuppofed 
equivalent to the whole motive force acting upon the ring> 
then half this force is efficacious in accelerating the motion of 
the point Q, (in a direction perpendicular to the plane of the 
ring) and the other half is confumed in counteracting the cen- 
trifugal force, arifing from the motion of the particles of the 
ring about a momentary axis PT/. 

In the great circle n h let a point h (fig. 3.) be taken inde- 
finitely near to «, and in the ring a point r, fo that n h and Qj" 
may reprefent the angular velocities, about the diameter and 
the centre of the ring. Let d and c reprefent thefe velocities, 
and r the radius of the ring. Draw rs perpendicular to the 
jlane of the ring, and. meeting the great circle bQj in s ; 

then 
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then will r / reprefent the accelerating force of the point Q 
perpendicular to the plane of the ring; but rs: nb:: Qr • Rad. 

(r) y therefore rs =. — 



Consequently, if R = the matter of the ring, a motive 

c d 
force acting upon the point Q, = — X % R will be equivalent to 

the whole efficacious motive force on the ring. 



The momentary axis P Tp is in a plane perpendicular to the 
plane of the ring, and which panes through Q,y. Make P T = the 
radius of the ring, and draw P r perpendicular to Q^, and we have 

Pr: Tr: : d: c, or Pr = -£L=., and T r = 4L=. Let P T 

>Jc % +d % Sc z +d* 

(in fig. 4.) reprefent the momentary axis, and QE N a quadrant 
of the ring. From any point E of the ring draw E v perpen- 
dicular to P T, and v w perpendicular to QJT. The centri- 
fugal force of E : centrifugal force of N : : E v : NT, or the 

B v c* + d % 

centrifugal force of E = centrifugal force of N X — -— = ■■ x 

particle E X ^™, becaufe the velocity of N = </c * + d\ But the 
efficacious part of this force in a dire&ion perpendicular to the 

plane of the ring = whole X — — ; and a force a&ing at Q_equi- 

valent 
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valent to this = whole x ^r— X ,7-,-. = — X E X - <r -^ x -ft— 

Ev IO /• NT Ev 

X =7= = — X E X --. Now if great circles be 

1 (J r 1 \^ 

conceived drawn through P. O,, and P, E; (by Sph Tiig.) cof. PE 
{v T) x Rad. (T O) = cos. P O ( IV) x cos. OJv (T x). There- 
fore a motive force at Q, equivalent to the motive, efficient, cen- 

•r ir fi? c *+* r Tr x PrxT«' . / 

trifusal force of E = X E X Tfrr: ; therefore 

13 r TQ/ 

the fum of all thefe quantities = the motive force at Q_ equivalent 
to the fum of all the efficient centrifugal forces, or the centrifugal 
force of the ring. But it is caiily fliewn, that the fum of all thefe 

quantities = xjRx ^ttc — = X 2 «. 

r T ijj r 

cdr 1 xTO' cd , „ T , . c _ 

x _ . — . *r . s=s x 2" R- Hence the motive force at Q t 

equivalent to the fum of all the efficacious centrifugal forces, is 

c d 
expreffed by the fame quantity — x k R> a ' the force at Q, 

equivalent to the whole motive, efficacious force on the ring. 
Q.E.D. 



Mr. Simpson has pointed out the miftakes in the folutions of 
this problem propofed by M. Silvabelle and Walmefley ; but neither 
is his own calculation entirely faultlefs ; and his conclufion 
appears to be correct, only becaufe the errors in the premifes com- 
penfate each other. Thus he fuppofes, that the whole motive 

force, 
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force, acting on a detached rigid ring, revolving with a two-fold 
motion, one round its centre, the other round a diameter, is 
equal to the efficient force by which the plane of the ring is 
moved round its diameter; whereas the former is to the latter 
as two to one ; hair ihe v* hole motive force being counteracted and 
rendered inefficient by the centrifugal force, sdly, He fuppofes* 
that the whole efficient motive force, acting on a detached rigid 
annulus revolving in the fame manner as before, is equal to 
the whole efficient motive force acting on an annulus, attached 
to and connected with a fphere, which is alfo falfe in the ratio 
of one to two ; the centrifugal force in the cafe of an attached 
annulus vanifhing; and therefore no part of the whole force is 
rendered ineffectual ; and confequently half the motive force in 
the latter cafe will produce an equal effect as the whole in 
the former, half of the force in the former cafe not contributing 
in any degree to the motion of the annulus round its diameter, 
but being totally employed in counteracting the tendency of the 
ring to revolve round a momentary axis. 

Mr. Milner's and Frifi's calculations become likewife correct 
in the refult, in the fame manner as Simpfon's, by the mutual 
counteraction of equal and contrary errors. Thus they both 
hold, that the preceffion of a rigid annulus is double that of a 
folitary moon, whereas they are equal, as we have already de- 
monftrated, by which the preceffion would come out twice greater 
than the truth ; but they likewife are of opinion, that the pre- 
ceffion 
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ceflion of an attached and folitary annulus are equal, whereas the 
former is double that of the latter ; this error therefore counter- 
balances the former. 



Mr. Emerson bas given two folutions of this quefiion, which 
are both erroneous, one in his Mifcellanies, the other in his 
Fluxions. In the former he adopts the fame principles with 
Newton, in fuppofing the preceffion of a folitary moon, a de- 
tached rigid annulus, and an attached annulus to be equal. In 
the latter he determines the direction in which a body would 
move in confequence of a uniform motion imprefled on it in 
one direction, and a uniformly accelerated motion in another, 
to be the diagonal of a parallelogram, whofe two fides reprefent 
the fpaces defcribed from quiefcence, in the fame time, by the 
two forces j which, as Mr. Milner has juftly obferved, produces 
an error of one half in the conclufion. For let A D be the 
fpace defcribed by the uniform motion (fig. 5.), while the body 
would defcribe A B by the accelerated motion j fince the time 
is indefinitely little, the accelerating force may be confidered as 
conftant, and therefore the body will in fact defcribe the parabola 
AGC; and the direction of the motion at C will be the tangent 
EC; but the angle DEC = DAC + ACE = 2D AC nearly, 
becaufe the tangents A E, C E, are very nearly equal (Ham. Con. 
Cor. 1. Prop. 3. Lib. 2. and Prop. 3. Lib. 3.)} that is, the 
true angle of deviation DEC, is very nearly double the angle 

of 
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of deviation DAC, as determined by the diagonal of the pa- 
rallelogram. 

In this folution Mr. Emerfon fays, " the earth being an oblate 
" fpheroid, the fphere is encompalTed with a folid craft going 
" rd.nd the equator in the manner of a ring; now the effect of 
*' the forces of the fun and moon upon this cruft, and the motion 
" communicated thereby to the whole body of the earth, is what 
" we are to enquire after." He then calculates the force of the 
fun upon the annulus, and fuppofes this whole force efficient; 
he next fuppofes this whole motive force to ad at the diftance 
of the centre of gyration from the centre of the earth, and thence 
deduces the motion generated in the plane of the equator about 
one of its diameters. It appears therefore, that he fuppofes the 
whole motive force of the fun to be efficient on the annulus, fe- 
parately confidered : and 2dly, that this efficient force is equal 
to the efficient force on the fame annulus, when connected with 
the earth ; which, exclufive of the error dete&ed by Mr. Milner, 
are the very fame falfe hypothefes with thofe adopted by 
Simpfbn. 

But here a queftion naturally arifes, if the error of Newton's 
calculation be as great as is pretended, whence comes it to pafs 
that the refult of his calculation agrees fo exactly with phe- 
nomena ; for on fuppofition, that the preceflion arifing from the 
force of the fun alone is but 9" 7 '", the preceflion caufed by 

Vol. VII. D the 
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the moon will be 40* 52"' $a iT , and the whole preceffion, arifing 
from both caufes conjoined, will be 50" a*' 12*, according to 
©bfervation. 

To this obje&ion a fatisfattory anfwer is fuggefted by Newton 
himielf, where he fays, that the preceffion will be diminifhed 
if the matter of the earth be rarer at the circumference than 
at the centre. The rcafon of which is evident from what has 
been already demonftrated, for the quantity of matter in the 
earth being given, the diftance of the centre of gyration from 
the centre of the earth will be lefs, the more the matter of the 
earth is accumulated towards the centre, and therefore the lefs 
will be the angular motion generated by the fun and moon. 
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